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The game problem is considered of taking a controlled motion onto a given set,

It is assumed that the players' controls are subject to integral constraints, The

first player's extremal strategy is described, forming a feedback control, It is
shown that under the conditions of absorption stability the extremal strategy gua-
rantees the termination of the pursuit at the instant of program absorption, A
modification is suggested of the extremal strategies, described in [1, 2], in diff-
erential games with constraints on the instantaneous values of the players' controls,
This paper is closely related to [2 ~ 6].

1, Suppose that the motion of a controlled system is described by the differential
equation

dzjdt = A(t)z + B(t)u — C(H)v, =zl[t,] = x, (1.1)

Here £ = {z,, %,, ..., &,}isthe n-dimensional phase vector of the system; u, v
are controls of dimension r; A (f), B (t), C (f) are matrices of corresponding dimens-~
ions, depending continuously on £, The realizations ul¢], v [¢] of the controls are sub-
ject on[¢,, oo)to the conditions

Viwlglpde<pito], | [vIE1PdE<veit,] (1.2)
1y o
Here W [tO], v [tO] are constraints on the control resources, We assume further that
variations of the quantities p [¢], v [¢] are determined by the expendable resources
t+4
e+ Ay =p2le) = | Julglpds
i
t+a
Vit + Al =v2 ] — | |v(E]Pde

i

With these variations we associate the differential equations
dp?/dt = — u [f] 12, dv?/dt = — |v [L} |2 (1.3)

Thus, system (1,1) with constraints (1, 2) has been associated with the system of differ-
ential equations (1,1), (1. 3) with the initial conditions

pe (2] = po?, v2 [t] = v, z (8] = z,,
Motion is considered in Rn+2 an (n - 2)-dimensional Euclidean space of points
p = {V 2 Vv z,. 23, ..., z,}. The first player's problem is to choose a control
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Extremal strategies in differential games 13

u [¢] so as to lead the point p [¢] onto a set M*, where M* = {u >0, v > 0,
M3}. Here M is a given bounded convex set from R™, By choosing v [t] the secona
player tries to prevent the point p [¢] from going onto set M*. It is reckoned that at
the instant £ the players know the position (¢, p [¢]) but do not know the control chosen
by the opponent at the given and at the next instants,

We consider the problem facing the next player: to construct a control u, (¢, p) such
that, for any admissible control v (£, p) it ensures that the point p [¢] is led onto M*
at a certain instant ¢ = .The definition of the class of admissible controls and of the
solutions of system (1,1), (1. 3) corresponding to them is given below, We present auxi-
liary statements which will be used in the proof of the fundamental theorem contained
in Sect, 4,

Definition 1,1, Every vector-valued function u (&) (¢ (E))with values of the
vector u (§) (v (§)) from Rr, satisfying condition (1, 2), is called the first (second)
player's program control admissible for the point p [¢,] = {pul¢,], v [£], zlt,1} .

By W (£, 1) we denote the set of all points p = {j, v, z} possessing the following
property: for any program control ¥ (§) (¢ <C & << #),admissible for point p, we can
find a program control u (§) (¢ <C § <C ) of the first player, admissible for point p,
such that the pair u (§), v (E) takes the system (1,1), (1.3) from the state p[¢]l= p
into a certain state p[®] such that p[O] & M*. It is not difficult to verify that the in-
clusion p & W (¢, 9) is equivalent to the following inequality (for example, see [1,

2 H ’
D PGt Hp—om()<O  for 1j=1

Here, p_pm (l) = max g¢‘l is the support function for the set — M, the prime denotes
=M
transposition, / is a vector of space R"™,

F 68 ={—0p, (0t 9), py (;;£,9), — VXY, t]}

is a vector of space R™*%., We assume here that the tollowing conditions are fulfilled:
for any two instants ¢, ?, (£, << £,) the inequalities

0; (l; tlv t2) > 0
8
ot 0 =( [1rE o8 pe)" =12
¢

H\[9, E] = X [0, EIB (), H, [0, El = X [8, E] C (§)

where X [®; E] is the fundamental matrix of system (1.1), are valid for any vector
{leR"1+0).

Definition 1,2, The smallest value of parameter & for which the inclusion
p & W (¢, 9) holds is called the absorption instant 4° = §° (¢, p) corresponding to
the position (¢, p,).

This definition is well-posed in the sense that the existence of the smallest instant
¥° satisfying the inclusion follows from the existence of instants U satisfying the inclu-
sion p e W (¢, ©) and from the continuous dependence of the vector-valued function
f{l; ¢, 9) on the collection I, ¢, 1 .

We accept the following conditions as fulfilled,

Condition 1,1, There exists an absorption instant 3° = O (¢y, py) = &,
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corresponding to the game’s initial position (¢, p,) .

Condition 1,2, The absorption is strongly u-stable, i.e,, for any point p (p &
& W (¢, 9°) ) and any program v (&) (¢t << & <C ¢t + A) admissible for p,we can
find a program control u (§) (¢ << & <C ¢ + A) such that the pair (u (), v (§)) trans-
fers the motion corresponding to system (1.1), (1.3) from the position p=plt] oa
certain state p 1¢ + Alsuch that p [¢ + Al =W (¢ + A,9°). This condition must
be fulfilled for all ¢, A, where ¢, <t <C0° (0 T A <<9° — ©).

2, We state certain properties of the sets W (¢, §°), following from Conditions 1.1,
1,2 and from Definition 1, 2,

Property 2,1, Theset W (¢, $°)is nonempty, convex and closed for any
t(t, <<t << U°).

Property 2,2, The equality W (3°, 9°) = M*is valid, The set W (¢, 9°) is
unbounded, For what is to follow we accept to consider those and only those points of
set W (¢, 0°)(and of other auxiliary sets) whose first coordinate is less than or equal to
some tixed positive number w,, Such an assumption is based on the fact that the first
coordinate of the motion being considered does not increase with time,

Property 2,3, Forany {= [f,, §°) the set W (¢, 3°)depends continuously on

¢ with respect to inclusion and is upper-semicontinuous with respect to inclusion from
the left in the variable ¢ at the point 7 = O°.i,e,. if tp = 07 £, < 9°, pr &
= W (tr. 9°) and i_i_gloph = Pg,then p, &= W (0°, 9°),

Proof, We first consider the case t <C 0°. As a preliminary we prove the following
assertion,

Lemma 2.3,1, Foranye>0we can find8 (&) ™ Osuch that the inclusion W (1 —
— A, 8% C W, (¢, 8°), where W, (¢, U°)is the e-neighborhood of set IV (¢, 9°) is true
forall A (0 <A} <D (e)).

To prove Lemma 2,3.1 we consider the set W" (¢, 8°)of points p defined by the in-
equality

)‘”l;t,ﬁ)p—pM(l)gm O<<o<x) for |{]=1

The assertion
limDW“’ (t, %) =W (¢, &) 2.1
is valid, Equality (2,1) follows from the definition of W™ (¢, ¥°) and from the constraint
imposed on the first coordinates of the points of sets, From the assumption made on the
boundedness of the coordinates of the points 2 follows the equiboundedness of the sets
Wt — A, 9°),where [ A | << Ay, 0 < Ay <U° — t. Taking this into account and the
continuous dependence of the function f (/; 7, %) on the variables /, ¢, we get that for amy
o >0 we can find 8 (0) >> 0 (8 (@) < Ay)such that the inequality
GO —flt—A,8)Yql<<o  for {l=1
is true for all A (1 4| << 0 (w)) and for all ¢ (¢ € W (¢t — A, %)) and, consequently,
the inclusion W (1 — A, 99 C W (1. §°)is true, The validity of Lemma 2, 3,1 follows
from this and from condition (2, 1).
The following assertions are valid: for any ¢ > 0 we can find & (¢) >> 0 ‘such that the
inclusions

W)W, ¢+4,9), W)W, t—4,99)

are true for allA (0 <C A <C 8 (g)).The proof of these assertions is based on Conditions
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1,1, 1,2, and on the fact that the set W (s, 9°) contains an interior point,

We now consider the case ¢ = §°. Let us prove the semicontinuity of the set W (¢,
8°) for ¢t = 4° as ¢ varies from the left, We take an arbitrary convergent sequence of
points py (py &€ W (ty, 0°)), where t;; < 9° and ¢ — 8° as k — oo, The inequality

— o (0 e, 99+ v (5 1, 99 — X (8, g ] 3 <eom D
is valid for |j (|| = 1, Passing to the limit as ¥ — oo, we obtain
—Ulimz, <p_p (1) for ||I]=1
k—o0

Hence it follows that
lim p, € M* =W (8°, 9°)

k—»oo
We have proven the validity of Property 2, 3,
By ¢ [t, pl we denote the distance from point p to the convex set W (¢, 9°)

%[t,p] for %[tap]>0
alt,P1={ 0 for % [f,p] <O

% [t, pl = max{s'’p —p (s; £, 9°)} for [ s]|=1 (2.2)
p (55 ¢,9°) = maxy, s'w for we W (¢, 9°), s = {sy, 5, $*} (s* & R")

Property 2,4, The function ¢ = € [¢, pl is continuous in the collection {t, p}
for all p, 1, << ¢t <O

Property 2,5, Ife |, pl > 0,then the maximum in (2, 2) is achieved on a
single vector s = s (f, p).

Property 2,6, Let €lty, p,] > 0.Then the vector-valued function § = s (£, p)
is continuous in {#, p} in the neighborhood of the point (i, P4)-

The validity of Properties 2,4, 2,6 follows from the continuity of the variation of set
W (t, 0°) as ¢ varies, The validity of Property 2,5 follows from the condition of con-
vexity of set W (¢, 4°) in the space R"'2,

3, Let us make the preliminary problem statement more precise,

Definition 3,1, Let {U}be a collection of closed convex sets {/ of an r-dimen-
sional vector space, The function U = U (¢, p),which associates a certain set U from
{U} with every vector {t, p} is called an admissible control of the first player if;

1) U (¢, p, depends upper-semicontinuously relative to inclusion on the collection
(¢, p);

2) for any ¢, <C U°and any bounded closed region D of the set [z, ;] X (p; > 0,
P2 2 VU, D3, ..., Pnys) there exists a summable function B, (f) such that the condi-
tion: if u & U (¢,p),then |u? << B, (), is fulfilled almost everywhere in D)

3) U(t, p) =0 forp, << 0.Here U (¢, p) was fully determined in formal fashion
in the region where p; << 0.

The second player’s admissible control V (¢, p)is defined analogously,

Definition 3,2, Every absolutely continuous vector-valued function {p,? [¢],
p2" 2], g 1tl} taking at t = ¢, a specified value {p,? [£,], p,® [£,), q o1} =
= {P*10» P%0, Go} and satisfying for almost all ¢, ¢, <C ¢ <C £,, the condition

dg leldt = A @) qlel + B () ult]l — C (8) v [ 3.9
dp2[tl/dt = — | ultl|P, dp,? [¢tVdt = — | wlt]|?
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where the summable functions y [#], v [¢] satisfy the inclusions

ultle U ¢, p i, vl V(i pli)
plel = {p e, v (8], z [t = {p [t], p, I2], q [¢]}

is called a solution of system (1.1), (1, 3), generated by the pair of admissible controls
U (¢, p), V(t, p) on the interval [¢,, £,] (¢, << 9°) .

Since the solution of system (1,1), (1, 3), generated by a pair of admissible strategies
U (¢, p), V (¢, p), has been defined on any interval [¢, ¢,] (£, << ¥°), it can be fully
determined with respect to, continuity at the point ¥°. The existence of a solution and
its continuability to the interval [¢,, 3°]follow from the results in [7] (see Theorems
3, 4), Thus, we have defined a solution of system (1.1), (1. 3) on the interval [¢,, 9°]
generated by a pair of admissible strategies U (¢, p), V (¢, p).

The problem, Construct an admissible control U= U/, (¢, p) such that for any
solution of system (3,1), generated by the pair 7 = U, (t, p) and V = V (¢, p) (here
V (¢, p) is an arbitrary admissible control), the condition p [t] & M* must be realized
no later than at some finite instant ¢ — §°.

4, We define U, (¢, p) for instants ¢ <Z U° in the following way:

Uelt,p) = 20 GEL p it ltp) >0, py 0

Ut p)=0, if |t p]>0andp; <0 or %[t pl <O

Ut,py=CO y BOTED p, ¢ wit,pl =0,p, >0
) s, p)en s1(¢, p)
Here. CO denotes the closed convex hull, Q is the union of the set of vectors s (£, p)
satisfying condition (2, 2) with the 0- vector of space R". The following assertion is
valid: the vector s (¢, p) satisfying condition (2, 2) is such that s, (¢,p) < 0 in case
t < U°.

From Property 2,6 and the inequality s, (£, p) <C 0 (£ <C 0°) it follows that the set
U, (t, p) is upper-semicontinuous relative to inclusion for a variation of position {¢,p)
and also the set U, (¢ ,p) is equibounded on any compact set D from the set [¢, ¢,] X

X Rnt+? where ¢, is an arbltrary number satisfying the inequality £, <C 3°. Furthermore,
U (¢, p) = U for p, << 0.Hence it follows that {J (¢, p) is an admissible control
in the class of feedback controls U/ (¢, p) .

Theorem 4,1, Suppose that Conditions 1,1, 1,2 are satisfied for the position
(o Do) then the control U, (¢, p) guarantees that the system (1,1), (1.3) is led from
the initial state p, = p [/,] onto the set M* at no later than the instant °.

Proof, Let us investigate the variation of the quantity € [z, p [1][ v] on the interval
It,, ©°] ; here p [1]is the motion generated by the control U, (¢, p) m conJunctlon with
an arbitrary admissible V (¢, p). We show thate {z, p [t][,e' ] = U on [t,, 01for any & <
< 9°. We assume the contrary: there exists the second player's admissible strategy v (i,

p) such that the pair U, (1, p), V (1, p) generates a solution p =: p [t]on [t,, O], where
O < 9%and u, [ = u, (4, pU) E U @ p D), vltl €V (¢, p [1]) are such that e [ty p
[t],, » ] 0 on[y, 9].Hence it follows that there exist T & [f,, 0]and A, (v -+ A, < D)
such that the conditions

ptlwe, bW (t, 99, plt+ A]ue‘v e W (t+ A, 9°)
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are fulfilled for any A (0 < A <C A,) . Here the symbol W (v, 0°)denotes the boundary
of the set W (t, 9°) in the space R™*2, The following assertion is valid,
Lemma 4,1,1, We can find As (0 <Ay <CA,) and K (0 << K < 20) such that the

inequality ra A

LA)YSK@LO) +8), L d)y= | luy@FdE, 1:4)= j [ = [E]IP
b !
is valid for any 1€ [v, T-- A.] and the correspondmg point P [t . €W’ (t, 87, for any
A< A< A, and forany uy(8) P <CE 4+ A
Here, by Px [l]ue,v we have denoted a point of set W’ (z, 4°) nearest to the point
p m“e»”' Recall also that the symbol u , (§) (¢ <{ § < ¢+ + A)denotes a control which in
pair with o[£] (¢ <C & << ¢ + A) satisfies Condition 1, 2,
The proof of Lemma 4, 1,1 relies on the construction of sets W (¢ + A, 9°) (0 < A <
A,) and on Conditions 1,1, 1.2, and is carried out by contradiction, We make use
of Lemma 4,1,1 to estimate the quantitye? [t + A, p [t + A]u’_v] at the points
teET, T4 A 0 < A< Ay, ¢
We first make some auxiliary estimates, The equality
I poaft 4 Aluy o — P I+ Bl o =[P (84 ALy — PrE+ Bluy PP
4.2)

Fip* [+ AL — pr [t AR Rle* (e A]uA’v; —q{t+ A]uA,iz [

is valid, Here p 1+ A} ,,A APt ALy uy o) is the state at instant t - A of the motion

of {1.1), (1.3) with the initial condition p |? Ju, v (Pa {2 lu_ »).generated by the pair u, ),
v [E] (¢ <E <t 4 A). The following assertions are valid: there exist Ay, Ay, Ay (0 <
< Mgy Ay, Ay <C o) such that the inequalities
| pa* [t A1, — po [t AL P = [ (g [1] — LAY — (P2 [t — LAY | <

| Py [t] — pa (] Pexp Mlz(4) 4.3

Ro* e+ Bluw, ,—plt+ Al up v P <f g [t] —q [t] | exp A2A (4.4)

bp* e Al = [E Alu, P<Ip (] — prlt] Pexphs(l: (A) + 4) (4.5)

are fulfilled for any ¢ &€ [r, 7 -+ Agl and A (0 << A < A,). The validity of the next
lemma follows from relations (4, 2) - (4, 5).
Lemma 4,1,2, There exists 2 (0 <& < o) such that the inequality

”p*[t°¥‘A1uA v _P[1+A]uA o IIF < ps 2] ——-p[t]ﬂ’exp)»(h(A)—%A)

is valid for any ¢ & [1, v+ Agl, for any A (0 < A < A,),and for any upa (8) << &
L+ D)

We separate the interval [t, 1 -+ Ayl into two nonintersecting sets A7, and M,. Here
M, is the set of points ¢ such that there exists a number L = L (¢) (0 < L<Z =) and a
sequence {An; A, >0, Ay — 0 as r — oo} such that the inequality

LA)<L 4.6)

n

is true, and M, is the set of points ¢ such that the equality

1
lim x I, (A = o0
A—)

%7
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is valid, The relation

eft+4 4, P[t-i—A]ue,rl—S[l*’rAv P[L+A]'uA‘u]< (4.8)
<"’l(t+‘AvP[t+Alu 1')(P[t+A]u r_P[l“’(‘A]u

is valid in case ¢t € M. Here s(t + 4, pli+ A]u z) ={s{t+4, P[tvL A]u o)
s2(t+ A, plt+ A]u u), s*(E+A, plt+ A]u v)} 1s a unit vector of space 1{’“2, satisfy-
ing the condition (see Sect, 2)

SUHA, pLeF Al P[4 Alu v — 068, pLed Bl o) 4, 8) =
=un[t+A, p[f+A1u v]

From the continuity of the vector-valued functions s* (¢ -+ A, p [t + A]u pands (¢ +
+ A, ple+ Al ,)in A at the point A = 0, the continuity of the function © % (&, p [E])
with respect to posmon at the point (¢, p [llu ;o) » and the continuity of mauix B (&) -
it follows that the right-hand side of mequahty (4. 8) equals the expression

42

Ve Pt O B [ = g BBt Pt ) X (4.9)
t

fu, [T A A) 1 ; A
Xy = 2p1[t]u + 01 (4) )Plll] Ay 4 o (11 (A) } 4 02(A)

Here and subsequently, o, 05, 02 are quantities 1nf1nitesirnal in comparison with the
quantities standing alongside in the braces,
From inequality (4. 5) and Lemma 4, 1,1 it follows that when A = A, expression 4.9
equals
t+4,

T X

[ pLth 0 B0, 1) —uy @)+ (4.10

1

Ju e s @FY, .
o U, I\~ T, T, Jjde o)

From the definition of the control I/, (1, p) it follows that the integrand in (4,10) is non-
positive, Then, by virtue of (4, 8), (4.9), we obtain the estimate

e+ An’ pli-t+ An]”e el et A", plt+ A”]uA vl <”<An)
’ n

Here o (A,) is an infinitesimal depending on ¢. From this inequality and from Lemma
4,1,2 it follows that in case 1 & M, we can find A (0 << A < o) and a sequence
{An) (A, >0, A, — 0 as n — o) such that the inequality

Rl AL plEA T o] e p Lt slexph(2(8)+4)

is true,
In case t & M, the inequality
2[t-+A, pl! +A]“’e ] —e2lt, p lt]“e »] <O

is true for all sufficiently small A > 0 . The proof of this assertion relies essentially

on the limit relation (4, 7) as well as on the boundedness of the control wu, 18] ¢ < &<

< t - As). The validity of the next lemma follows from everything we have said.
Lemma 4,1.3, The inequality
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g2 [T 4 Ao, pPlT+ Ailu o] < lg, PlElu ]eXP (AD)
ey ey

440

F— | norsirdf (v 3 Ag—t,
* J il L2273 A Y i E 3

e

)

is true for any point ¢, & (v, T+ A].

The validity of the equality e[t + A,, p [t + Agly,.] = 0 follows from Lemma 4.1, 3,
which contradicts the assumption made earlier,

The case py. (1] 5 0, p,, 1] == 0 Was considered above, Let us consider the rest of the
possible cases, When py, [t] = 0, the validity of Theorem 4,1 is proved by contradict-
ion, In case p;, [Tl = 0 we can prove the validity of the assertion: we can find K (0 <
< K < o) and Ay (0 < Ay < A,) such that the inequality /i (A) <C KA is true for any
t € (7, T+ A-] and the corresponding point 2. [t)y,» & W' (¢, 0°) and for any u, (%)
E<ESt+4,0<CA<Ay).

From this assertion follows the inequality

et + M, plt+ A')]ue ] <K, P [t*]ue’v] exp Ado

for any ¢, & (v, T+ Agl, where A is some number (0 <C A < ). Hence follows the
equality ¢ [T + Ag, p |v + Agly, .l = 0, contradicting condition 4,1, Theorem 4.1 is
proved,

The author thanks N, N, Krasovskii for posing the problem and for valuable advice,
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